INTRODUCTION
In this paper, we consider a cyclic plasticity model that is subject to a multi-linear kinematic hardemng law. Our model is more gênerai than the classical bilinear kinematic law but it does not include isotropic hardening. Besides certain new features in the modeling aspect, the main purpose is to prove higher regularity of the solution than those that appear naturally in the weak formulation. We also obtain higher order norm estimâtes of the solution in terms of the prescnbed load. Our resuit is the first of this kind in the mathematical hterature of cyclic plasticity. In the present paper, we restrict our attention to the quasi-static one dimensional case only in order not be obscured by the technicalities. We plan to address the same topic for the higher dimensional case in a separate article.
It is known that solutions to cychc plasticity models suffer threshold of regularity due to the interface between the elastic and plastic régions. In particular, second order time derivatives of the displacement and the stress do not exist in gênerai even for analytic load. This has mccurred significant difficulties in establishing convergence rate for numerical solutions of the continuous problem. Previous work have either assumed higher regularity of the solution or certain variants of the same assumption in order to achieve a convergence rate. In a recent work by Li an Babuska [12] , an h-version high order finite element method is considered for a large class of two dimensional models, but only weak convergence of the approximate solutions is obtained, the reason of which is partially due to the lack of certain regularity estimâtes. Our regularity result so obtained is sufficient to give rise to a first order convergence rate for a continuous Galerkin method. For detail, we refer the reader to the authors forthcoming paper [2] .
There is a sizable literature devoted to the study of cyclic plasticity. For the constitutive theory, we reader to [13] , [15] , [14] and [17] for an overview. We refer to Babuska et al [1] for a discussion on the reliability questions of various models.
On the mathematical side, the first existence resuit is given by Duvalt and Lions [4] for the dynamic problem of elasto-perfect plasticity. Johnson [8, 9] extend the analysis to the quasi-static case, including also the hardening effect. For related work we also refer the reader to the book by Hlavack et al [7] and the références therein. These approach carries a common feature of using the penalty method. They also resort to a special technique that enables to elirninate the velocity field from the équations. No regularity results for weak solutions have been obtained in these work. Two monographs which symbolize recent advances of the mathematic theory of cyclic plasticity have appeared. The first is by Han and Reddy [6] , by large devoted to the numerical analysis of the subject. They used the displacement and certain internai parameters as the primai variables in their formulation. The authors have developed an abstract theory of evolutional variational inequalities of the second kind which can be used to model the cyclic plasticity with a combined kinematic and isotropic hardening law. The existence and uniqueness of the solution has been proved by use of the Rothe's time discretization method. No regularity of the solution is discussed. The approach in [6] is quite different from the previous work in that a definite view has been taken in using the displacement as a primai variable, invoking in a sysmatic way the theory of evolutional variational inequalities. On the modeling aspect, the authors assumed a priori the existence of a so-called free energy functional and introduced a related notion of generalized stress tensor in the description of their constitutive laws. The second monograph is by Krejci [11] , mainly devoted to the dynamic problems of cyclic plasticity although the technique introduced there can well be applied to the quasistatic case also. The method in [11] is based on the extensive use of convex analysis and the theory of stop-play operators introduced by KrasnoseFskii and Pokrovskii [10] . The basic idea is to represent various constitutive laws in a unified form a = F(e), where F is a functional characterized by certain abstract properties. The relation a = F(e) is in turn substituted into the equilibrium équation to obtain a System of governing équations for the displacement. In this way, the internai parameters do not appear explicitly in the formulation since they are embedded in the abstract properties of the functional F The rest of the paper is organized as follows. In Section 2, we discus s the constitutive model considered by the authors. We emphasis on its connection with the standard gauge function approach. In Section 3 we give the mathematical formulation of the problem and state the main resuit of the paper. The proof of the main resuit is contained Sections 4, 5.
THE CONSTITUTIVE MODEL
The formulation to be given in the present paper is based on an idea of representing the stress as a sum of suitable substresses {o^y = 1, ..., Af+l}, the physical meaning of which will be made clear later. Let Q = ( 0, £ ) dénote the référence configuration of a one dimensional bar, and fix a time interval ( 0, T). We dénote the displacement and the stress field at the time t by u(x, t) and a(;c, t) respectively, and dénote by e(x, t) = u x (x, t) the linearized strain. Our proposed model for aiV+1 piecewise linear kinematic hardening law is given as follows: for almost all (x, t) e (0, £)
where ot f y } and fi are positive constants; sgn" l ( . ) is the maximum monotone graph defined by The constitutive relation in the form (2.1)-(2.3) has the origin from the gênerai theological models (see [17] ). It has also been used in Visintin [16] in a slightly different version. Since direct use of monotone graphs in the construction of multi-linear constitutive models in plasticity is not widely understood, it is désirable to make the connection between our proposed model with the the more popular gauge function approach bef ore we proceed further.
Kinematic hardening is known as the phenomenological behavior of a material for which the center of the yield surface translates with the s train history while the size of the yield surface remains fixed. The yield surface is most commonly described in terms of a convex function g(a, a ), called the gauge function, where a is the stress tensor and a is usually a function taking values in R m , m ^ 1, referred as the internai parameters. An admissible state is characterized by the the pair (cr, a ) for which 0(<x,cO=£O.
(2.5)
The set
is called the elastic région and the set
is called the plastic région. The linearized s train tensor e allo w s an additive décomposition e = e e + e p , (2.8) where e e and e p are called the elastic and plastic parts of the strain respectively. It is further postulated that where a ijkl is a forth order, symmetrie, and positive definite tensor, describing the elastic response, the dot meaning the time derivative. e p satisfies the normality principle in E,
The évolution of the yield surface is governed by an ordinary differential équation for the internai parameter, given by
We thus refer the gênerai methodology described above as the gauge function theory. It turns out that in the special case of bilinear kinematic hardening, the gauge function theory coincides with the constitutive approach taken by the present paper. In order to justify this statement, we reason by aid of figure 1 . In the situation we are concerned with, the gauge function is given by where a is the internai parameter denoting the center of the yield surface (yield points in the one dimensional case here), and y dénotes the diameter of the yield surface (see [13, 17] ) Because of the hardemng effect, the yield points depend on the current position of (e, er), which are denoted by a + and a~ In view of figure 7, straightforward calculation shows that
where E x and E 2 dénote the plastic and elastic Young's modulus respectively, which comcide with the respective slopes of the lines L x and L e Therefore, Moreover, (2 13) leads to the stress décomposition In the région E, there holds an elastic relation a 11 ~ e f , and in the région P, Also observe that g defined in (2.14) has the same form of a gauge function for an elastic perfect-plastic material [15] ; the normality principle (2.10) can be written equivalently as
Writing (2.16) by use of monotone graphs, we immediately arrive at
which is identical to our proposed model. The stress décomposition given in (2.1)-(2.3) is a postulate that the total stress is an additive sum of finite number of substresses, in which one of them is linear to the strain while others are subject to the elastic perfect-plastic responses. The coefficients {c^; j = 1, ..., N} and ju control the slope of each linear segment in the multi-linear model. With ju = 0 we recover a multi-linear elastic perfect-plastic material. This is the physical meaning behind our constitutive theory.
In concluding this section, we direct our attention to a concrete example. Let
Suppose the input e is prescribed by
We first establish a table that contains the information to produce the hystérésis diamgram. On a small time interval begining from t = 0, o x -a 2 -e = t. This relation remains the same untill a 1 reaches 1 to enter the plastic région. That moment is t= 1. As time advances, o x remains as 1 while a 2 maintains its previous relation to e untill it reaches 2 when t = 2, also to enter the plastic région. On the time interval (1, 2), a 11 -0 while e = t, thus the inclusion in (2.17) forces sgn" l (c^) = 1. As the time continues to evolve, both cr 1 and a 2 remains unchanged since they are all in the plastic région. As the time reaches t -6, the unloading begins and the strain is given by e = 12 -t. Since e f = -1 for t > 6 and = G 2t = 0 on the time interval (2, 6), the relation in (2.17) forces both o x t and a 2t to be négative immediately after t = 6, which in turn causses a 1 and a 2 fall into the elastic région, implying that sgn" 1 ( e^ ) = sgn~ 1 (a 2 ) = 0, and the following equalities become valid: a l ~ e -5, a 2 = e -4. The constants -5 and -4 are chosen to ensure the continuity of the stresses in time. The remaining entries of the table can be obtained by similar arguments which we leave to the interested reader for details.
Based on the table, the stress-strain relation for this example is depicted as follows. 
THE MATHEMATICAL PROBLEM
Let Q T = Q x (0, 7), T>0. The quasi-static equilibrium équation coupled with (3.1)-(2.3) leads to the following initial boundary value problem Moreover, the stress a = 2 °\ + ^M x ^ ^stimated by
77ie proof of this theorem will be given in the next three sections.
REDUCTION TO INTEGRO-DIFFERENTIAL EQUATIONS
We first reduce the problem (3.1)-(3.5) equivalently to a system of integro-differential inclusions. We introducé the Green's function
G(x,y)=
Assume that (a v a 2 , ... a N , u) is a strong solution to the problem (3.1)-(3.5). Then the equilibrium équation vol. 32, n° 5, 1998 We say that a vector-valued function a is a strong solution to the integro-differential inclusions (4. (a, u) is a strong solution to problem (3.1)-(3.5), then (cr, u) is a strong solution of the integro-differential  inclusion (4.6)-(4.7) . Conversely, if a is a strong solution to (4.6)-(4.7) and let u be defined by (4A), then  (cr, w) is a strong solution to the problem (3.1)-(3.5) .
BASIC ESTIMATES
By virtue of Lemma 4.1, our task has thus reduced to the investigation of (4.6)-(4.7). To this end, we let H , e > 0, be the Yosida approximation of sgn~ l , namely, 
The next lemma is a L version of Grownall's inequality that is less used in practice, but it plays an important part in obtaining our desked estimâtes. The effect of this lemma will avoid the appearance of a large constant in the estimâtes that dépends on T exponentially. LEMMA Integrating the inequality from a x to t yields (5.9) since a t ^ 0 and y(0) 5= y(a t ).
In the rest of the estimâtes, we shall use the letter C to dénote a constant that dépends only on £, N and {a ;7 = 1, ..., iV}, whose value may vary from expression to expression, but whose dependence on these parameters will not change.
We 
